data is provided by the use of zero-shear rate viscosity.
The agreement is very satisfactory and provides consider-
able support for the use pf Equation (1) to estimate stabil-
izing action of surfactants on pseudoplastic falling films.

NOTATION
g = gravitational acceleration, cm/s?
= consistency factor, (dyne s")/cm?
n = flow index, dimensionless
Q@ = liquid mass flow rate per unit width of plate, g/
cm s
v = liquid local velocity in the film, cm/s

Greek Letters

r = surfactant surface concentration, mole/cm?
y = rate of shear, §7!

8 = film thickness, cm

B = viscosity, g/cm s

v = kinematic viscpsity, em?/s
p = liquid density, g/cm?

] = surface tension, dyne/cm
r1z = shear stress, dyne/cm?
Subscripts

p = pseudoplastic

w = water

a = apparent
ef = effective
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Quadratically Convergent Techniques in
Linearly Constrained Optimization

Methods for the solution of linearly constrained optimization of a non-
linear objective function are presented and compared. The methods of
Fletcher-Reeves, Fletcher, and Powell are used to generate search direc-
tions in the decision variable space. Generalized Kuhn-Tucker conditions

are presented and used to check for a local minimum,
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SCOPE

The objective of this work was to develop an approach
to the minimization of nonlinear objective functions sub-
ject to linear equality and inequality constraints such that
any effective unconstrained minimization technique could
be employed to detefmine the search directions. Such a
general approach would allow the immediate application
of new unconstrained methods to linearly constrained
problems. A number of significant chemical engineering
problems fit this mathematical pattern, for example,
determination of chemical equilibrium with competing
reactions by minimization of the free energy subject to

conservation of mass constraints.

Previous approaches (Goldfarb and Lapidus, 1968;
Wolfe, 1963, 1967a, 1967b) to this problem were specific
to certain search techniques and did not make use of
generalized Kuhn-Tucker conditions which remove the
requirement that independent variables be bounded to
the positive region. Abadie (1970) considered the gener-
alized Kuhn-Tucker conditions in his treatment of the
general nonlinear programming problem but did not take
advantage of the special treatment which can be given
linear constraints.

CONCLUSIONS AND SIGNIFICANCE

The objective was accomplished as illustrated by the
successful application of the unconstrained methods of
Fletcher-Reeves (1964), Fletcher (1970), and Powell
(1964) to a series of :linearly constrained problems. Appli-
cation of Powell’s method is particularly significant since

AIChE Journal (Vol. 20, No. 3)

the user is not required to provide expressions for the
derivatives of the objective function as in the other
methods. Additionally, the results presented here may
be used to improve generalized nonlinear programming
techniques which are based upon repetitive linear pro-
gramming in that the nonlinear nature of the objective
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function can be explicitly accounted for. Also, since the
generalized Kuhn-Tucker conditions allow complete free-
dom in the specification of bounds on independent varia-

bles, the proposed technique lends itself quite well to
the linearization bounds associated with repetitive ap-
proaches.

The general nonlinear programming problem is one of
minimization (maximization) of an arbitrary nonlinear ob-
jective function subject to a set of nonlinear inequality and
equality constraints. The chemical engineer is often faced
with an important subclass of the general nonlinear pro-
gramming problem, that is, the minimization of an arbi-
trary nonlinear objective function subject to linear con-
straints. Many economic problems take this form. The
economic problems facing the chemical and petroleum
industry range from determining the optimal research
policy for a company, through finding the best solution to
a gasoline blending problem, to scheduling problems in
underground oil production or design of a refinery.

Goldfarb and Lapidus (1968) developed an algorithm
for this subclass of nonlinear programming problems using
projection matrices. Wolfe (1963, 1967a, 1967b) intro-
duced the reduced gradient Jacobian technique and ap-
plied it to linearly constrained problems. Abadie and
Carpentier (1965, 1966, 1969) have extended this ap-
proach to the general nonlinear programming problem.
Their algorithm is considered by many workers to be the
most powerful presently available for solution of the gen-
eral nonlinear programming problem. However, some of
the algorithm’s efficiency is lost when applied to linear
constraints due to the special treatment that could be
given.

This study is an extension of the reduced gradient tech-
nique. The unconstrained approaches of Fletcher and
Reeves (1964) Fletcher (1970), and Powell (1964) are
coupled with the reduced gradient approach to give al-
gorithms combining some of the most powerful logic in
unconstrained and constrained optimization. The general-
ized Kuhn-Tucker conditions are introduced much as
Abadie (1970) has presented them and applied here to
linearly constrained optimization. They are also found to
be applicable in reducing the matrix size in the linear
programming (LP) problem where upper bounds are con-
sidered.

GENERALIZED KUHN.-TUCKER CONDITIONS

In unconstrained optimization a stationary point is de-
fined as the point where the gradient of the objective is
zero; if x* is a stationary point then g(x®) = 0. A neces-
sary condition for an unconstrained minimum is that it be
at a stationary point.

Kuhn and Tucker (1951) were the first to define the
necessary conditions for a local optimum of a constrained
problem. The following is a development of a generaliza-
tion of the conditions they proposed. Consider the prob-

lem:
minimize {y(x)} (1)
where
xT = [xq, %3, . . +, %n]
subject to
fj(x)'éo, f=1,...,m1
fi(x) =0, j=mi+1 .. .,m (2)
fj(x):()’ i=m-2+1,...,m
and

p=x=q

The problem is first transformed to an equality con-
strained one, thereby increasing the dimensionality of the
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problem to nn(= n + my). The inequality constraints are
transformed to equality constraints by the addition of slack
variables to constraints 1 to m; and subtraction of slack
variables from constraints m; + 1 to my. The constraints
then take the forms

fj(x) + x4+ =0,
fi(x) —xp4;=0,
fi(x) =0,

where x5, j = n + 1, ..., nn are slack variables which are
also subject to bounds in the form of nonnegativity require-
ments

j:l,...,m1
f=mi+ 1,0 .,m (2)

j=me+1,...,m

x;j=0 for j=n+1,..,nn

Since there are m constraints there must be m state or
dependent variables. The state variables must be free to
move in either a positive or negative direction in order to
keep the solution on the constraints at least over a limited
range of the independent or decision variables. From a
practical standpoint this eliminates from the state set any
variable which is at one of its bounds. Hence, there must
be at least as many variables not at a bound as there are
constraints, If there are fewer variables not at a bound
than there are constraints then the situation is said to be
degenerate. A nondegenerate situation will be assumed un-
less otherwise stated.

After the state variables have been chosen the remaining
set of variables is termed the decision set. There are r =
(nn — m) decision or independent variables. The dimen-
sionality of the problem is now nn. The nn variables are
divided into the state and decision sets, xT = [sT, d7]. The
problem may then be written

minimize

{y (s, d)}

i=1...,m

subject to

fj (S, d) = 09
where

Piéxié%’, i:]-:"wnn’
The slack variables do not appear in the objective function;
hence, they may be treated as having zero coefficients in
the objective function. Any partial derivative of the objec-
tive function with respect to a slack variable is zero. The
slack variables have zero lower bounds and in practice the
upper bounds are set to large numbers.

An expression to determine the manner in which differ-
ential changes in the decision variables effect the objective
function is obtained using differentials in a manner similar
to Wilde and Beightler (1967)

dy = [dy/ds1, 0y/0dsy, . . ., dy/dsm] ds
+ [9y/ddy, dy/ods, . .

or 8y = gTos + gaTod
Differential representation of the constraint equations pro-
vides

. oy/od,1ed  (4)

6);‘1/631 6f1/(96‘2 e afl/asm 081
afz/asl af2/832 P afz/asm 989

0= . . . .
fm/3s1  Ofm/ds ... 8fm/dm 35

(5)

(Continued on next page)
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ofi/ody  Bfi/ods ... 9fi/3d, ad,

f2/od;  Pfo/3dy ... of2/0d, ads
+

Ofm/ody  Bfm/3dz ... Ofm/od, ad,

or 0 =1Jos + Cod

where J, the Jacobian, is the matrix of partial derivatives
of the constraints with ‘respect to the state variables and
C, the control matrix, is the matrix of partial derivatives
of the constraints with respect to the decision variables.
Rearranging Equation (5)

Jos = — Coad
and solving for ds provides
s = — J~1Cod (6)
Equation (6) is now substituted into Equation (4)
dy = g™ [— J'Cad] + ga"od (7)
Regrouping terms
oy = [ga¥ —gs"J~'Claod (8)

The decision derivative vector, the projection of the gradi-
ent of the objective fupction on the constraint surfaces, is
the relation between changes in the decision variables and
changes in the objective function on the constraint surfaces
8Ty = [8y/8d,, dy/ddy, . . ., 8y/dd,] = giT — &I C
(9)
If x* is a local minimum, then small changes in the
decision variables will only increase the constrained objec-
tive.

dy® = [8y°/ddy, 8y®/8dy, . . ., 8y*/5d,1ad

If a decision variable is at its lower bound (d; = p;), then
only nonnegative changes are allowed (dd; = 0). This
means that the corresponding decision derivative must be
nonnegative: ‘

8y®/8d; =0

In the case where an upper bound is active (d; = g;), only
negative or zero changes are allowed (9d; = 0). The cor-
responding decision derivative must be negative or zero.

8y*/8d; =0

If a decision variable iis not at a bound (p; < d; < g;),
the differential change may be either positive or negative;
hence, the corresponding decision derivative must be zero

8y°/8d; = 0

A local optimum may be defined by the following neces-
sary conditions:

then 8y®/8d;=0
if d® =4¢q; then 8&y°*/8d;=0
if pi < di® < qi, then 8y°/5di =0

These are generalizations of those originally given by Kuhn
and Tucker (11).

if d® =p,

LINEARLY CONSTRAINED OPTIMIZATION

General Approach

The work reported here deals with a special case of the
generalized nonlinear programming problem where all con-
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straints are linear. The treatment will be different from the
method of Rosen (1960, 1961) or Goldfarb and Lapidus
(1968). The technique reported here resembles the GRG
algorithm with, however,‘ special considerations being made
due to the advantage of having only linear constraints.

The objective of this study was to use some of the most
powerful methods available in unconstrained optimization
—Fletcher-Reeves (1964) and Fletcher's (1970) (gradi-
ent required) and Powell’s (1964) (pattern search)—with
the reduced gradient approach of Wolfe (1963, 1967a,
1967b). The convergence criteria established makes use
of the generalized Kuhn-Tucker conditions allowing inde-
pendent variables to move in both their positive and nega-
tive regions. This eliminates the need to add constraint
equations for upper bounds.

The equality constrained problem, represented by Equa-
tion’s (3), has all constraints active. The nn variables are
separated into m state variables and r(= nn — m) deci-
sion variables. There are two restrictions on choices of
variables for the state and decision sets. First, the state
variables must be free to move in a positive or negative
direction (that is, state variables can not be at a bound).
Second the Jacobian J must not be singular. Explicit ex-
pressions for the state variables (s) may be obtained by
simplexing the constraint equations.

For the jth state variable,

r

s = B — 2 ajid; (11)

i=1

The original a;;’s and bj’s have been transformed to «j’s
and B;'s during the simplexing operations.

A search direction € must be generated in the decision
space. Various methods for generating § will be discussed
later when specific applications of various unconstrained
methods are considered. Assume here that a direction &
has been generated. The elements of § would need to be
modified if the following combinations exist:

di=p &<0

d=q &>0
In these cases any positive step along § would violate the
bounds on the d;. In these cases it appears appropriate to

set the element, ¢ = 0. With the § vector modified it is
then appropriate to normalize the direction vector.

§=4/VET% (12)
The line of search is thus defined by
d=4d°+ %t (13)

where d° is the base point and ¢ is the step taken along §.
For any step ¢ taken along §, the state variables can also
be calculated at the new point. By substituting Equation
(13) into Equation (11)
S=f— 2 ap(di+&t) j=i...m (14)
i=1
rearranging

5i=s— zf: asfit = 50 + it (15)

where - .
=B — D, andd (16)

and o
G=— Er; iy (17)
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This gives a relationship for s and d along ; hence, the
maximum possible step before driving a state or decision
variable to one of its bounds is determined as follows:

if >0 define st =gq;

if (<0 define st =p;
and

if &>0 define dit =gq;

if <0 define dF =p;

Recall in the above that the slack variables have no upper
bound defined. The maximum allowable step then is given
by

(8i7 = s} /4

i=1L2,...,m
tmax = minimum positive value (di* — d0) /¢,
i=12 ...,r

A linear search now can be performed along ¥ to deter-
mine t*, the step to the minimum. There now are two
possibilities: (1) if ¢* is greater than or equal tmax then
the minimum along § is infeasible and the step fmax is
taken or (2) if £* is less than #nay the step to the minimum
t°, is taken. If the step taken along § is tmax there are
again two possibilities: (1) if #nax is a step that drives a
decision variable to its bound, then a new direction can be
determined and the algorithm may proceed, or (2) if tmax
is a step that drives a state variable to its bound, then there
must be a simplexing or exchanging of a state variable be-
cause state variables must be free to move positively or
negatively.

Whenever a simplexing is to be performed to exchange
the ith state variable with some decision variable, this
decision variable is chosen by a method suggested by
Abadie (1970). The decision variable d; is chosen as the
one corresponding to the maximum on § of the minimum of

{laﬁ] (Qi —dy), Iajil (di — Pi)}

where «j; is the element in the jth row and ith column of
the constraints coefficient matrix. The use of this test to
choose the new state variable from the decision set pre-
vents the Jacobian J from becoming singular.

The convergence criteria checked in all algorithms de-
veloped in this study were the generalized Kuhn-Tucker
conditions.

If a first feasible point is not available, then before the
nonlinear programming problem can be solved, it must
be determined. This is done by the so-called “phase one-
phase two” approach through the addition of auxiliary
slack variables 4; to the constraint equation j = my + 1
to m and determination of the solution of the auxiliary
phase one linear programming problem:

minimize 7= 4 (18)

@jixi + Xn+j = by,

subject to

M-

i=1

n
2 ax; — xntj+ 8;=Db, j=mi+1,...,my (19)
i=1

S ami+a;=b,

j:m2+1,...,m
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p=x=gq

The original problem will have a feasible region if the
minimum value of 7 is zero. The linear programming solu-
tion of this auxiliary problem generates a starting point
for the solution of the original nonlinear problem.

The linear programming technique used for this step is
the same as that used in the nonlinear programming ap-
proach except that the maximum step along the direction
% is always taken. The direction vector ¥ is chosen as the
steepest descent direction.

Nothing has yet been said concerning the choice of the
direction § in the nonlinear optimization. Four methods
of direction generation were considered. Special comments
will be made about the modification of the general ap-
proach presented above for each of these methods.

If values for the gradient of the objective function g
were readily available then three methods were consid-
ered: (1) steepest descent, (2) Fletcher-Reeves, (3)
Fletcher's method. Powell’s method was considered when
derivatives of the objective function were not available.

APPLICATION OF THE GRADIENT METHOD

Application of the classical gradient method to the
constrained problem is straightforward. The decision de-
rivatives are used in the constrained problem in the same
way as the partial derivatives in the unconstrained gradi-
ent method. Once the gradient is obtained, the decision
derivatives are calculated using Equation (9). The direc-
tion vector then becomes

8y/8d,
f=—| - (20)

8y/8d,

The elements of this vector are modified in the manner
indicated above if any of the decision variables are at their
bounds. This is the direction to be searched. As could be
expected, it was found that the constrained gradient
method suffers from the same oscillatory behavior as the
unconstrained gradient method (see examples). However,
it serves as a good point of reference in considering the
other approaches.

APPLICATION OF THE FLETCHER-REEVES METHOD

The Fletcher-Reeves (1964) conjugate direction method
can be adapted to this problem by replacing the derivatives
of the objective function with the decision derivatives. At
the ith iteration the next search direction is generated by

T
Sy;+1 Oy;
i1 = —Byi+1+——yj—l—y-+—1-5i (21)

T
Byi ﬁyi

The elements of this vector are modified as indicated in
the general case if any of the decision variables are at
their bounds. Convergence is accelerated by reinitializing
the search direction to a steepest descent step every r + 2
iterations; since, for nonquadratic function, this technique
tends to generate nearly parallel search directions after
7 + 2 cycles.

The proof of conjugacy for the Fletcher-Reeves method
depends on searching to a minimum along ¥ at each itera-
tion. When it is not possible to step to a minimum along
€ because the minimum is infeasible, the step tmax is taken
and the best apparent action was to reinitialize the search
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direction to a steepest dejcent direction.

The Fetcher-Reeves implementation reported here pro-
vides the user with the ¢ption to specify whether or not
the objective function is| linear. If the function is linear,
the program behaves as a gradient linear programming
algorithm. This treatment of the LP problem is interesting
because of the manner in which upper bounds are treated
without adding rows to the matrix and could have some
use in this important application.

APPLICATION OF FLETCHER'S ‘METHOD

Application of Fletcher’s (1970) algorithm to this prob-
lem calls for a somewhat different modification to the gen-
eral approach just discussed. The requirement for linear
search is partially removed. Previous information about the
objective is used to sequentially update the approximation
to the inverse of the mattix of second order decision deriva-

~

tives H™!. As in the gradient and Fletcher-Reeves methods
the directions are generated by replacing the derivatives
of the objective by the decision derivatives.

The approach is analogous to the unconstrained Fletcher

approach. Initially Hy~! is equated to the identity matrix,
making the first direction generated a steepest descent di-
rection. A linear search was performed along this line be-
cause experience with the program indicated that its initial
application improved the convergence in most cases tested.
Providing the minimum along this direction is feasible, the

decision derivatives are evaluated. The first update to ;Ii—l
is made using the following formula which gave the smali-

est correction to H; 1.

~ ~ Ad; AdiT
H-!=H,_,~! :
T AT vy,
~ T o~
H;_{7! ASy; ASy; H;— ;!
_ 1 Yi Yy 1 (22)
ABTyiE—l_l ABy;
or
ﬁi_‘l = ;Ii—l_l
T
Ad; ASy; ~ ~ ABy; Ad;T
_ LG oY H,_,"!—H_,~! 209 2%
adT ASy; Ad;T ASy;
T o~
ASy; H;_~1 ABy; ad; AdiT
+(1+ il y) (23)
AdiT ASy; AdiT ABy;

where H;~! is the ith approximation to the inverse of the
ipp

~

Hessian in the decision variable space. After H;~! has
been updated the next change to occur in the decision
variables is calculated from

Adi+1; = - ﬁi"l 8+ (24)

This logic may produce too large a step. If (a8yT) (ad)
is less than 0.0001 or greater than 0.9999 then the step is
assumed to be too large. The next step tried is set to one-
tenth of the previous step. This shorter step is then taken
provided it is feasible] The step predicted by Fletcher’s
logic may be infeasible; in this case, the #max step is taken.
This makes it necessary to reinitiate to a steepest descent
directions if a state variable and decision variable are ex-
changed (that is, a simplexing operation has occurred). In
the case when a decisﬂ)n variable is driven to a bound the

H,~! approximation is initiated for the new space.
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APPLICATION OF POWELL'S METHOD

The time spent in problem preparation is much more
lengthy when derivatives of the objective are required.
The use of a pattern or direct search method would be
much more satisfactory where derivatives are difficult to
obtain, not to mention the elimination of human error in
taking the derivatives. Powell's (1964) method is one of
the best pattern or direct search techniques available at
present. 1t is based upon the idea of gradual introduction
of conjugate directions into a set of search directions.
Powell's method starts with n linearly independent direc-
tions, usually the coordinate directions, §;, €, . . ., §n, at
do. A series of linear searches is performed along the search
directions. Starting from dy a search along ¥, to a mini-
mum at d; is performed, then from d; a search along &, to
a minimum at dj is performed and so on for the remaining
directions. After n linear searches the final point is d,. A
new search direction is defined as 4 = d, — dg, but it is
not immediately added to the direction set. Powell pro-
posed two tests designed to prevent a potentially poor
search direction from being introduced:

1) Test if function increases

Y= Yo
where y; = y(2d, — dy)
Yo = y(do)
2) Test if @ points across a deep valley
(Yo — 24 + ye) (yo — yn — 8)* = (yo — y:)¥/2
where y, = y(dy)

and A = the greatest function improvement during
the last n linear searches.

If either or both of these tests are true, then . is assumed
to be a poor direction and not introduced.

If g is not introduced, set dy = d, and repeat the series
of n linear searches. However, if i is a good direction, a
linear search is performed along  to the min‘mum dy+.
Now . is introduced into the direction set as &, and the
direction that gave the greatest function improvement
during the last n linear searches is removed. Since the
search direction is not always added, the method cannot
be rigorously proven quadratically convergent.

This method was adapted to the linearly constrained
problem using the same simplexing logic to transform the
directions to the different decision spaces.

Initially, the direction matrix, the ith row of which is
€T, is equated to the identity matrix giving a univariate
search pattern. After each of the r directions in the direc-
tion matrix have been searched, providing no variable was
driven to a bound, a new search direction is introduced
in the constrained space according to the unconstrained
logic outlined previously. However, if a bound is encoun-
tered then there are two possibilities. First, if the bound
encountered is restricting a decision variable then no sim-
plexing is done. But because conjugacy proofs are based
upon doing a search to the minimum along each direction
in turn the algorithm returns to the first direction vector
in the direction matrix and begins to search along all the
directions again. Second, if a state variable encounters a
bound, then a simplexing operation must occur to exchange
the state variable with a decision variable. The simplexing
operation performed on the constraint equations can be
viewed as solving one of the constraint equations for a
particular variable and substituting that relationship into
the other constraints for the variable. This eliminates that
variable from all constraint relationships but one. An ex-
plicit expression thus exists for the variable going from
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the decision set to the state set. This relationship was also
substituted into the direction vectors eliminating the di-
rection elements corresponding to the new state variable
and introducing elements for the new decision variable.
This corresponds to transforming the original directions
into the new decision space.

Since the gradient is not directly available, preliminary
convergence criteria must be developed. The algorithm re-
ported here terminates calculation in either of two cases:
(1) if the percent change in the objective function and
coordinates are below some specified tolerance, or (2) if
there have been r linear searches without function im-
provement. After either of these criteria have been satis-
fied, the program numerically evaluates the gradient of
the objective function at the last point. If the Kuhn-Tucker
conditions based upon those numerical derivatives are satis-
fied it is assumed that a local optimum has been found.
If not, the search procedure may be reinitiated.

DISCUSSION OF RESULTS

The four codes which correspond to the application of
the gradient, Fletcher-Reeves (1964), Fletcher (1970),
and Powell (1964) methods to linearly constrained optimi-
zation were tested on the seven problems given in the
Appendix. A summary of these results is shown in Table 1.

The convergence criteria were based upon the Kuhn-
Tucker conditions. Five-place accuracy was required in
these expressions. Analytical derivatives are not required
in the application of Powell's method; hence numerical
derivatives of the objective function based on central dif-
ferences are used to calculate the decision derivatives. In
this case only three-place accuracy was required for the
Kuhn-Tucker conditions. In Powell’s application the test
for convergence is made only after the fractional change in
the objective function and the coordinates is less than
0.00001.

When derivatives of the objective function are available
the method using Fletcher’s logic was the best of those
tested. This method is very efficient when working in the
original space because the technique is essentially the
unconstrained method introduced by Fletcher. When sev-
eral simplexing operations are performed, the performance
appears to be slower due to an increased number of func-
tion evaluations. This is due, in part, to the linear search
in the direction of steepest descent which we have required
after each simpex. No adequate way was found for esti-
mating an initial step size for the linear search; therefore,
extra function evaluations are used in an acceleration pro-
cedure when the initial step size is too small. An improve-
ment to the Fletcher’s application might be to eliminate all
linear searches, but in order to do this some interpolation
relationship would be required. Perhaps a cubic interpola-
tion could be used as Fletcher has suggested; however, this
was not implemented.

The application of Powell's method ranks next to Fletch-
er’s application; in fact, this method might even be ranked
equal to Fletcher’s application due to the convenience of
not needing the derivative expressions. The time spent
in machine computation may often be negligible compared
to the user’s time spent in problem preparation. Powell’s
application usually equalled the performance of the
Fletcher-Reeves’ approach; while, as expected, both meth-
ods surpassed the gradient technique.

The Fletcher, Fletcher-Reeves, and Powell approaches
solved all seven example problems. The gradient approach
terminated early in most cases due to the oscillatory be-
havior which resulted in an excessive number of functional
evaluations. However, on example problems [6] and [7]

the gradient method worked very well. In these problems
the controlling factor in convergence was apparently the
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TasBLE 1. SuMMARY OF RESULTS

Fletcher-

Gradient Reeves Fletcher  Powell
Problem 1: Time* 0.62 0.54 0.47 0.84
Function eval. 166 54 25 212
Derivative eval. 32 11 8 37t
Simplexes 4 4 4 4
Problem 2: Time® Minimum 1.04 0.97 0.85
Function eval. not 571 108 432
Derivative eval. found 89 79 64t
Simplexes 0 0 0
Problem 3: Time* Minimum 0.97 0.54 0.84
Function eval. not 441 34 455
Derivative eval. found 67 24 66t
Simplexes 1 1 1
Problem 4: Time* Minimum 0.89 0.84 0.89
Function eval. not 362 168 452
Derivative eval. found 54 33 70t
Simplexes 3 3 2
Problem 5: Time* Minimum 0.52 0.52 0.64
Function eval. not 158 53 162
Derivative eval. found 21 17 201
Simplexes 3 3 3
Problem 6: Time* 0.52 0.47 0.95 0.54
Function eval. 94 143 744 148
Derivative eval. 19 27 59 254
Simplexes 2 2 2 2
Problem 7: Time* 1.15 1.12 1.39 1.15
Function eval. 41 65 166 96
Derivative eval. 9 13 15 18t
Simplexes 5 5 5 5

® Time refers to computer computation time in seconds on an IBM
360-65 using the FORTRAN G compiler.

t This entry for Powell’s search procedure refers to the number of
linear searches rather than the number of derivative evaluations.

simplexing operations rather than the nonlinear search pro-
cedure. It the problem solution is at a vertex, such as in
linear programming, it would appear that little is to be
gained by nonlinear interior search algorithms. However,
if the solution is in the interior, these are potentially of
great advantage. Hence it is useful to have algorithms such
as those presented here which can efficiently perform in-
terior search where needed.

Problem [2] was used by Goldfarb and Lapidus (1968)
to test the Davidon (1959), Fletcher-Powell (1963)
(D.F.P.) conjugate gradient projection method and the
gradient projection method. The Fletcher application illus-
trated previously required 108 function evaluations com-
pared to 142 for the D.F.P. method. The projected gradi-
ent exceeded the maximum number of steps before the
solution was found. Powell's application exceeded both
Fletcher’s and D.F.P. approach in the number of function
evaluations with 432. Comparing function evaluations on
this problem shows Fletcher’s application requiring fewer.
It should be noted that this problem is not truly con-
strained since none of the bounds are active.

Problem [7] was also tested by Goldfarb and Lapidus.
The nature of this problem is such that the linear terms
predominate in the region searched. Hence, the behavior
is similar to that expected from a linear programm'ng type
problem and the most likely controlling factor is the sim-
plexing operation. The D.F.P. and gradient projections
methods both required fewer function evaluations. Fletch-

er’s approach requiring 166 function evaluations compared
to 13 function evaluations reported fcr the D.F.P. method
and 29 function evaluations for the gradient projection
method. Powell’s application performed well on this prob-
lem requiring fewer function evaluations than Fletcher's
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application with 96 function evaluations. A direct com-
parison with Goldfarh and Lapidus’ results can not be
made in this case, however, since it was not possible to
begin the methods presented here with the same initial
point as Goldfarb and Lapidus.

Fletcher’s application required a large number of func-
tion evaluations (744) to solve problem [6]. This can
be explained by examination of the Hessian. The Hessian
for this objective fundtion cannot be positive definite in
the region of positive x thus causing poor search directions
to be introduced.

Another side advantage of the reduced gradient ap-
proach presented above is that the number of constraint
equations can be decreased by the application of the gen-
eralized Kuhn-Tucker conditions to the linear programming
(LP) problem where upper bounds on the variables are
considered. The number of rows in the LP matrix are usu-
ally increased due to the treatment of the upper bounds
as less than constraints. However, the general Kuhn-Tucker
conditions allow the bounds to be treated without this in-
increase in number of constraints.

Since the unconstrained minimization methods employed
perform within a specific decision variable space, the quad-
ratic nature of their convergence is maintained as long as
no simplexing operations are conducted. From the view-
point of the initial varigble space, the techniques demon-
strate quadratic convergence on a constraint once the final
required simplexing has been conducted.

The failure of the gradient application in problems [2],
{31, [4], and [5] may.be attributed to the failure of the
gradient technique itself rather than the method for han-
dling the constraints proposed here. It is seen that in all
these cases the algorithin has progressed through the re-
quired number of simplexing steps to the stage where an
interior minimum is being sought in the final decision vari-
able space.

One problem encountered with constrained algorithms
is that they often get styck at a bound which is not a local
constrained minimum. Although this has not been experi-
enced to date with the methods proposed, there appears to
be nothing inherent within the constraint handling pro-
cedure that would either cause or prevent this occurrence.
If the search direction initially generated after a simplex
were poor, progress could cease. However, it should be
noted that the Fletcher and Fletcher-Reeves methods as
applied here begin with a gradient step after each simplex.
Thus, a locally good direction is provided in these cases.

The techniques introduced above for the incorporation
of the three unconstrained minimization methods into the
linearly constrained problem can be applied to extend al-
most any unconstrained search procedure to this type of
problem. Thus we may now readily take advantage of new
procedures as they appear in the literature.
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NOTATION

a; = coefficients of x; in the jth linear constraint equa-
tion

b; = the constant for the jth linear constraint equation

C = the control matrix, matrix of partial derivatives of

the constraint equation with respect to the deci-
sion variables

d = vector of decision variables

fi(x) = some arbitrary function of x, which is the left side
of the constraint equation
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g = the gradient of the objective function evaluated at
X;

H = the Hessian, the matrix of second-order partial de-
rivatives of the objective function

H;~! = the ith approximation to the inverse matrix of
second-order decision derivatives

] = the Jacobian matrix, the matrix of partial deriva-
tives of the constraints with respect to the state
variables

p = vector of lower bounds on x

q = vector of upper bounds on x

s = vector of state variables

s? = the state variable base point

t = the step taken along the direction to define a new
set of independent variables

t* = the step to the minimum along the direction

X = vector of coordinates

x* = coordinates of the minimum

x; = the ith vector of coordinates in a series of points
i=12,...

y = objective function

Greek Letters
a;; = the i-row and j column element of the simplexed
linear constraint coefficient matrix

B; = the simplex constant of the jth linear constraint

8y = the vector of decision derivatives

8%y = vector of decision derivatives at the minimum

A = the vector of auxiliary slack variables

T = auxiliary objective function

% = direction along which the decision variables
change

[ = direction along which the state variables change

-3

superscript indicates local optimum
~ tilda over variables indicates it is evaluated in de-
cision variables space
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APPENDIX A. EXAMPLE PROBLEMS

Problem 1

Source: This work
No. of independent variables: 3
No. of constraints: 3 linear inequality constraints
6 bounds on independent variables
Objective function:

(y(x) = x12 4 x1x2 + 2x1x3 + 2x22 4+ x9x3
-+ 3x32 — 15x1 — 18xp — 27x3)

Minimize

Constraints:
6x1 + 3xg + 4x3 =24
4x1 4+ 8xg 4 3x3 =24
2x1 4 x5 + x3 =2
0=1x;=99999999, i=1,2,3,
Feasible starting point:

219 =10, x0=230=0

y(x0) = —14
Results:
Fletcher-
Gradient Reeves Fletcher Powell

y(x) —178.0708 —78.0708 —78.0708 —78.0708
X1 1.2189 1.2189 1.2189 1.2189
X2 1.1494 1.1494 1.1494 1.1494
X3 3.3095 3.3095 3.3095 3.3095
No. of function

evaluations 166 54 25 172
No. of deriva-

tive evalu-

ations 32 11 8 0
Time, s* 0.62 0.54 0.47 0.84

© Time refers to computation time.

Problem 2
Source: Colville, A. R., (1968)
No. of independent variables: 4
No. of constraints: 2 inequality constraints
8 bounds on the independent variables
Objective function:
(y(x) = 100(xz — 1:2)2 4 (1 — x1)2
+ 90(xs — x52)% + (1 — x3%) + 10.1((x2 — x1)*

+ (24— 1)2) +198(x2 — 1) (xa — 1))

Minimize

Constraints:

B6x3 + 3xz -+ dxg -+ x4 =24

Page 562 May, 1974

4x; + 8xp 4 3x3 4- x4 =24
—10=x;=10, i=1,2,3,4

Feasible starting point:

x10:x3°: —3; xz":x4: —1
y(x0) = 19192
Results:
Fletcher-
Gradient  Reeves  Fletcher Powell
y(x) 00362  0.0000  0.0000  0.0000
x1 1.1171 1.0000 1.0000 0.9999
X2 1.2490 1.0000 1.0000 0.9999
X3 0.8673 1.0000 1.0000 1.0000
x4 0.7517 1.0000 1.0000 1.0000
No. of function
evaluations 1000 571 108 432
No. of derivative
evaluations 188 89 79 0
Time, s 1.62 1.04 0.97 0.85
Problem 3

Source: This work
No. of independent variables: 4
No. of constraints: 3 linear inequality constraints
8 bounds on the independent variables
Objective function:

(y(x) = 100(xz — x12)? 4- (1 — x1)?
+ 90(x4 — x5%)2 + (1 — x3)2 4 10.1( (22 — 1)2
4+ (x4 —1)2) +-198(xz — 1) (x4 — 1))

Minimize

Constraints:
6x1 + 3x2 4 4x3 + x4 =24
451 + 8xo -+ 3x3 4+ x4 =24
221 4 x2 %3+ x4 =2
~10=x;=10, i=1,2,2,4
First feasible point:
1% = 0.5714, x® = 0.2857,
y(x0) = 25.0185

i=23,4

Results:
Fletcher-
Gradient Reeves. Fletcher Powell

y(x) 0.8936 0.0000  0.0000 0.0000
X1 0.4838 1.0000 1.0000 1.0012
X9 0.2464 1.0000 1.0000 1.0024
X3 1.2473 1.0000 1.0000 0.9987
X4 1.5593 1.0000 1.0000 0.9975
No. of function

evaluations 1004 441 34 455
No. of derivative

evaluations 180 67 24
Time, s 1.62 0.97 0.54 0.84
Problem 4

Source: This work
No. of independent variables: 4
No. of constraints: 3 linear inequality constraints
8 bounds on the independent variables
Objective function:

(y(x) = 100(xz — x12)2 4 ( — x1)2
+ 90(xs — x32)2 (1 — x3)2 4 10.1((x2 — 1)2
+ (x4 — 1)2) + 19.8(x2 — 1) (x4 — 1))

Minimize

Constraints:
6x1 4 3xg + 4x3 4 x4 =14
4x1 4 8x2 + 3x3 + x4 =16
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21 + %2+ xp + 4 =2
—10=x=10, i=12234
Feasible starting point:

%1% = 0.5714;

20 = 02857 i=2,3,4
y(x0) = 25.0185
Results:
Fletcher-
Gradient  Reeves Fletcher  Powell

y(x) 0.9248 0.0000 0.0000 0.0000
X1 0.4839 1.0000 1.0000 0.9975
X3 C.2456 1.0000 1.0000 0.9951
X3 1.2415 1.0000 1.0000 1.0020
X4 1.5538 1.0000 1.0000 1.0041
No. of function ’

evaluations 1004 362 168 452
No. of derivative

evaluations 179 54 33
Time, s 1.75 0.89 0.84 0.89
Problem 5

Source: This work
No. of independent variables: 2
No. of constraints: 3 linear inequality constraints
4 boundss on the independent variables
Objective function:

Mipimize (y(x) = 100(x2 — x12)2 + (1 — x1)2)
Constraints:
6x; + 3x3=£9
4x1 + 8x2 =12
2x1 4 x2 =2
—10=x+#10, i=1,2,
Feasible starting point:
x1° =8; :020 =4
y(x0) = 360,049
Results:
Fletcher-
Gradient Reeves Fletcher Powell
y(x) 0.0717 0.0000 0.0000 0.0000
%1 0.7323 1.0000  1.0000 1.0000
% 0.5354 1.0000  1.0000 1.0000
No. of function
evaluations 12 158 53 162
No. of derivative
evaluations 2 21 17
Time, s 0.47 0.52 0.52 0.64
Problem 6

Source: Rosenbrock, H. H., (1960)

No. of independent variables: 3

No. of constraints: 2 linear inequality constraints

6 bounhds on independent variables
Objective function: ‘

Minimize y(x) = — xyxox3
Constraints:
0=x1 + 22 + 2x3 =72
0=x 43, i=123,
Feasible starting point:
20=10, i=123,
Results: y(XO) = 1000
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Fletcher-

Gradient Reeves Fletcher Powell

y(x) —3456.0 —3456.0 —3456.0 —3456.0
X1 24.00 24.00 24.00 24.00
X9 12.00 12.00 12.00 12.00
X3 12.00 12.00 12.00 12.00
No. of function

evaluations 94 143 744 148
No. of derivative

evaluations 19 27 59
Time, s 0.52 0.47 0.95 0.54

Problem 7
Source: Colville, A. R., (1968)
No. of independent variables: 5
No. of constraints: 10 linear inequality constraints
5 bounds on independent variables
Objective function:

Minimize
5 5 5 5
y(x) = 2 ejxj + 2 E cijxixj + 2 dix?
i=1 i=1 j=1 j=1
Constraints:
5
2 aijx; —by=0 i=1,..,10
i=1
%=0, j=1,..,58
Feasible starting point:
x19 = 0.0, =x2° = 0.06538, x3% = 0.14359
x4 = 022179, x5 = 0.71025
y(x°) = 0.000
Results:
Fletcher
Gradient Reeves Fletcher Powell
y(x) —32.3487 —32.3487 —32.3487 —32.3486
Xy 0.3000 0.3000 0.3000 0.3000
X3 0.3335 0.3335 0.3335 0.3335
X3 0.4000 0.4000 0.4000 0.4000
x4 0.4283 0.4283 0.4283 0.4283
x5 0.2240 0.2240 0.2240 0.2240
No. of function
evaluations 41 65 166 96
No. of derivative
evaluations 9 13 15
Time, s 1.15 1.12 1.39 1.15
DaTtA FoR TEsT PROBLEM 7
i 1 2 3 4 5
€j —15 - —27 —36 —18 —12
€1j 30 —20 —10 32 —10
C2j —20 39 —6 —31 32
csj —10 —6 10 —6 —10
C4j 32 —32 -—6 39 —20
Csj —10 32 —10 —20 30
d; 4 8 10 6 2
ayj’ —16 2 0 1 0
dgj 0 —2 0 4 2
as; -3.5 0 2 0 0
as; 0 —2 0 —~4 -1
asj 0 —9 —2 1 —2.8
as; 2 0 —4 0 0
ar; -1 —1 —1 —1 -1
dag;j -1 -2 —3 -2 —1
ay; 1 2 3 4 5
aioj 1 1 1 1 1
bi by b by bs bs by by by by
—40 -2 —-25 —4 -4 -1 —40 —80 5 1
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